There are several results on the stability of nonlinear positive systems in the presence of time delays.
In distributed systems where exchange of information is involved, delays are inevitable. For this reason, a considerable effort has been devoted to characterizing the stability and performance of systems with delays (see, e.g., [23] [24] [25] [26] [27] [28] [29] and references therein). Recently, the stability of delayed positive linear systems has received significant attention [30] [31] [32] [33] [34] and it has been shown that such systems are insensitive to certain classes of time delays, in the sense that a positive linear system with time delays is asymptotically stable if the corresponding delay-free system is asymptotically stable. This is a surprising property, since the stability of general dynamical systems typically depends on the magnitude and variation of the time delays.
While the asymptotic stability of positive linear systems in the presence of time delays has been thoroughly investigated, the theory for nonlinear positive systems is considerably less well-developed (see, e.g., [34] [35] [36] for exceptions). In particular, [35] showed that the asymptotic stability of a particular class of nonlinear positive systems whose vector fields are cooperative and homogenous of degree zero does not depend on the magnitude of constant delays. A similar result for cooperative systems that are homogeneous of any degree was given in [36] , also under the assumption of constant delays. Extensions of these results to time-varying delays are, however, not trivial. The main reason for this is that the proof technique in [35] , [36] relies on a fundamental monotonicity property of trajectories of cooperative systems, which does not hold when the delays are time-varying. To the best of our knowledge, there have been rather few studies on stability of nonlinear positive systems with time-varying delays (see, e.g., [37] [38] [39] ).
At this point, it is worth noting that the results for positive linear systems cited above consider bounded delays. However, in some cases, it is not possible to a priori guarantee that the delays will be bounded, but the state evolution might be affected by the entire history of states. It is then natural to ask if the insensitivity properties of positive linear systems with respect to time delays will hold also for unbounded delays. In [40] , it was shown that, for a particular class of unbounded delays, this is indeed the case.
Extensions of this result to more general classes of unbounded delays were given in [41] , [42] for continuous-and discrete-time positive linear systems, respectively. However, [40] [41] [42] did not quantify how various bounds on the delay evolution impact the decay rate of positive linear systems. This paper establishes delay-independent stability of a class of nonlinear positive systems, which includes positive linear systems as a special case, and allows for time-varying, possibly unbounded, delays. The proof technique, which uses neither the Lyapunov-Krasovskii functional method widely used to analyse positive systems with constant delays [34] nor the approach used in [35] , [36] , allows us to impose minimal restrictions on the delays. Specifically, we make the following contributions:
• We derive a set of necessary and sufficient conditions for delay-independent global stability of (i) continuous-time positive systems whose vector fields are cooperative and homogeneous of arbitrary degree and (ii) discrete-time positive systems whose vector fields are non-decreasing and homogeneous of degree zero. We demonstrate that such systems are insensitive to a general class of time delays which includes bounded and unbounded time-varying delays.
• When the asymptotic behaviour of the time delays is known, we obtain conditions to ensure global µ-stability in the sense of [43] . These results allow us to quantify the decay rates of positive systems for various classes of (possibly unbounded) time-varying delays.
• For bounded delays and a particular class of unbounded delays, we present explicit bounds on the decay rates. These bounds quantify how the magnitude of bounded delays and the rate at which the unbounded delays grow large affect the decay rate.
• We also show that discrete-time positive systems whose vector fields are non-decreasing and homogeneous of degree greater than zero are locally asymptotically stable under delay-independent global stability conditions that we have derived.
The remainder of the paper is organized as follows. In Section II, we introduce the notation and review some preliminaries that are essential for the development of the results in this paper. Our main results for continuous-and discrete-time nonlinear positive systems are stated in Sections III and IV, respectively. An illustrative example, justifying the validity of our results, is presented in Section V. Finally, concluding remarks are given in Section VI.
II. NOTATION AND PRELIMINARIES

A. Notation
Vectors are written in bold lower case letters and matrices in capital letters. We let R, N, and N 0 denote the set of real numbers, natural numbers, and the set of natural numbers including zero, respectively. The nonnegative orthant of the n-dimensional real space R n is represented by R n + . The ith component of a vector x ∈ R n is denoted by x i , and the notation x ≥ y means that x i ≥ y i for all components i. If v is a vector in R n , the notation v > 0 indicates that all components of v are positive. Given a vector v > 0, the weighted l ∞ norm is defined by
For a matrix A ∈ R n×n , a ij denotes the real-valued entry in row i and column j. A matrix A ∈ R n×n is said to be nonnegative if a ij ≥ 0 for all i and j. It is called Metzler if a ij ≥ 0 for all i = j. Given an n-tuple r = (r 1 , . . . , r n ) of positive real numbers and λ > 0, the dilation map δ r λ (x) : R n → R n is given by
If r = (1, . . . , 1), the dilation map is called the standard dilation map. The upper-right Dini-derivative of a continuous function h : R → R at t = t 0 is defined by
where ∆ → 0 + means that ∆ approaches zero from the right-hand side.
B. Preliminaries
Next, we review the key definitions and results necessary for developing the main results of this paper.
We start with the definition of cooperative vector fields.
Definition 1:
A continuous vector field f : R n → R n which is continuously differentiable on R n \{0} is said to be cooperative if the Jacobian matrix ∂f /∂x is Metzler for all x ∈ R n + \{0}. Cooperative vector fields satisfy the following property. 
Definition 2:
For any p ≥ 0, the vector field f : R n → R n is said to be homogeneous of degree p
Finally, we define non-decreasing vector fields.
Definition 3:
A vector field g : R n → R n is said to be non-decreasing on R n + if g(x) ≥ g(y) for any x, y ∈ R n + such that x ≥ y.
III. CONTINUOUS-TIME HOMOGENEOUS COOPERATIVE SYSTEMS
A. Problem Statement
Consider the continuous-time dynamical system G :
where x(t) ∈ R n is the state variable, and f, g : R n → R n are continuous vector fields on R n , continuously differentiable on R n \{0}, and such that
is the vector-valued function specifying the initial condition of the system, and τ (·) is the time-varying delay which satisfies the following assumption:
Assumption 1: The delay τ : R + → R + is continuous with respect to time and satisfies
Note that τ (t) is not necessarily continuously differentiable and no restriction on its derivative (such aṡ τ (t) < 1) is imposed. Condition (2) implies that as t increases, τ (t) grows slower than time itself. This constraint on time delays is not restrictive and typically satisfied in real-world applications. For example, the continuous-time power control algorithm for a wireless network consisting of n mobile users can be described byẋ
Here, x i represents the transmit power of user i, and a ij are nonnegative constants [44] [45] [46] . If τ (t) satisfies (2), then given any time t 1 ≥ 0, there exists a time t 2 > t 1 such that
This simply means that given any time t 1 , information about which transmit power each user has applied prior to t 1 will be received by every other user before a sufficiently long time t 2 and not be used in the state evolution of (3) after t 2 . In other words, state information eventually propagates to all other users in the network and old information is eventually purged from the network. In the power control problem, Assumption 1 is always satisfied unless the communication between users is totally lost during a semi-infinite time interval.
Note that all bounded delays, irrespective of whether they are constant or time-varying, satisfy Assumption 1. Moreover, delays satisfying (2) may be unbounded. Consider the following particular class of unbounded delays which was studied in [40] .
Assumption 2:
There exist T > 0 and a scalar 0 ≤ α < 1 such that
One can easily verify that (4) implies (2) . However, the next example shows that the converse does not, in general, hold. Hence, Assumption 2 is a special case of Assumption 1.
it is clear that (2) holds while (4) does not hold.
Remark 1: Assumption 1 implies that there exists a sufficiently large
for all t > T 0 . Define
Since τ max ≥ 0 is bounded, it follows that for any delay satisfying Assumption 1, even if it is unbounded,
In this section, we study delay-independent stability of nonlinear systems of the form (1) which are positive defined as follows.
Definition 4: System G given by (1) is said to be positive if for every nonnegative initial condition
The following result provides a sufficient condition for positivity of G.
Proposition 2:
Consider the time-delay system G given by (1) . If the following condition holds:
then G is positive.
Proof: See [47] .
Note that the nonnegativity of the initial condition is essential for ensuring positivity of the state evolution of the system G given by (1) . In other words, when ϕ(·) ≥ 0 is not satisfied, x(t) may not stay in the positive orthant even if the conditions of Proposition 2 hold.
In [3, Proposition 3.1], it was shown that for nonzero constant delays, the sufficient condition in Proposition 2 is also necessary, i.e., a system G given by (1) with τ (t) = τ max > 0, t ≥ 0, is positive if and only if (5) holds. However, the condition is not necessary when we allow for time-varying delays, as the next example shows.
Example 2: Consider a continuous-time linear system described by (1) with
where e is the base of the natural logarithm, and let the time-varying delay be
Note that 0 ≤ τ (t) ≤ 1 for all t ≥ 0. The solution to (6) is given by
It is straightforward to verify that x(t) ≥ 0 for every nonnegative initial condition
and hence the linear system (6) with the bounded time-varying delay (7) is positive. However, the sufficient condition given in Proposition 2 is not satisfied in this example, since
. From this point on, vector fields f and g satisfy Assumption 3.
Assumption 3:
The following properties hold: 1) f is cooperative and g is non-decreasing on R n + ; 2) f and g are homogeneous of degree p with respect to the dilation map δ r λ (x). While the stability of general dynamical systems may depend on the magnitude and variation of the time delays, homogeneous cooperative systems have been shown to be insensitive to constant delays [36] .
More precisely, the homogeneous cooperative system (1) with a constant delay τ (t) = τ max , t ≥ 0, is globally asymptotically stable for all τ max ≥ 0 if and only if the undelayed system (τ max = 0)
is globally asymptotically stable. The main goal of this section is to (i) determine whether a similar delay-independent stability result holds for homogeneous cooperative systems with time-varying delays satisfying Assumption 1; and to (ii) give explicit estimates of the decay rate for different classes of time delays (e.g., bounded delays, unbounded delays satisfying Assumption 2, etc.).
B. Asymptotic Stability of Homogeneous Cooperative Systems
The following theorem establishes a necessary and sufficient condition for delay-independent asymptotic stability of homogeneous cooperative systems with time-varying delays satisfying Assumption 1.
Our proof (which is conceptually related to the Lyapunov stability theorem) uses the Lyapunov function
where v > 0, and r max = max 1≤i≤n r i , to define sets
where 0 ≤ γ < 1, and
and shows that for each m, there exists t m ≥ 0 such that x(t) ∈ S(m) for all t ≥ t m . In other words, the system state will enter each set S(m) at some time t m and remain in the set for all future times.
Since the sets are nested, i.e.,
the state will move sequentially from set S(m) to S(m+1), cf. is that ϕ(·) is initially within the set S(0) and at some time t1 ≥ 0 eventually x(t) enters and stays within the set S(1) for all t ≥ t1; moreover, as t increases further, x(t) sequentially moves into other sets.
as level sets of the Lyapunov function V (x). Note that when f and g are homogeneous with respect to the standard dilation map, V (x) = x v ∞ , which is often used in analysis of positive linear systems [16] . Theorem 1: For the homogeneous cooperative system G given by (1) , suppose that Assumption 1 holds. Then, the following statements are equivalent.
(i) There exists a vector v > 0 such that
(ii) Homogeneous cooperative system G is globally asymptotically stable for every nonnegative initial The stability condition (10) does not include any information on the magnitude and variation of delays, so it ensures delay-independent stability. According to Theorem 1, the homogeneous cooperative system G given by (1) is globally asymptotically stable for all time delays satisfying Assumption 1 if and only if the corresponding delay-free system is globally asymptotically stable. This property is very useful in practical applications, since the delays may not be easy to model in detail.
Note that Theorem 1 can be easily extended to homogeneous cooperative systems with multiple delays of the formẋ
Here, s ∈ N, f is cooperative and homogeneous, g q for q = 1, . . . , s are homogenous and non-decreasing on R n + , and τ q (t) satisfy Assumption 1. In this case, the stability condition (10) becomes 
C. Decay Rates of Homogeneous Cooperative Systems
Theorem 1 is concerned with the asymptotic stability of homogeneous cooperative systems with timevarying delays. However, there are processes and applications for which it is desirable that the system has a certain decay rate. Loosely speaking, the system has to converge quickly enough to the equilibrium.
Hence, it is important to investigate the impact of delays on the decay rate of such systems. In this section, we characterize how time delays affect the decay rate of the homogeneous cooperative system G given by (1) . Before stating the main result, we provide the definition of µ-stability, introduced in [43] , for continuous-time systems.
Definition 5: Suppose that µ : R + → R + is a non-decreasing function satisfying µ(t) → +∞ as t → +∞. System G given by (1) is said to be globally µ-stable if there exists a constant M > 0 such that for any initial function ϕ(·), the solution x(t) satisfies
where · is some norm on R n .
This definition can be regarded as a unification of several types of stability. For example, if µ(t) = e ηt with η > 0, the µ-stability becomes exponential stability; and when µ(t) = t ξ with ξ > 0, then the µ-stability becomes power-rate stability.
Global µ-stability of homogenous cooperative systems can be verified using the following theorem.
Theorem 2: Consider the homogeneous cooperative system G given by (1). Suppose that Assumption 1 holds, and that there is a vector
If there exists a function µ : R + → R + such that the following conditions hold:
(
ii) µ(t) is a non-decreasing function;
(iii) lim t→+∞ µ(t) = +∞;
then every solution of G starting in the positive orthant satisfies
According to Theorem 2, any function µ(t) satisfying conditions (i)-(iv) can be used to estimate the decay rate of homogeneous cooperative systems with time-varying delays satisfying Assumption 1.
From condition (iv), it is clear that the asymptotic behaviour of the delay τ (t) influences the admissible choices for µ(t) and, hence, the decay bounds that we are able to guarantee. To clarify this statement, we will analyze a few special cases in detail. First, assume that τ (t) is bounded, i.e.,
The following result shows that the decay rate of homogeneous cooperative systems of degree p with bounded time-varying delays is upper bounded by an exponential function of time when p = 0 and by a polynomial function of time when p > 0.
Corollary 1: For the homogeneous cooperative system G given by (1), suppose that (12) holds and that there exists a vector v > 0 satisfying (11).
(i) If f and g are homogeneous of degree p = 0, then G is globally exponentially stable. In particular,
where 0 < η < min 1≤i≤n η i , and η i is the positive solution of the equation
(ii) If f and g are homogeneous of degree p > 0, the solution x(t) of G satisfies
where 0 < θ < min{ 1 τmax , min 1≤i≤n θ i }, and θ i is the positive solution to
Proof: See [47] . While the stability of homogeneous cooperative systems with delays satisfying Assumption 1 may, in general, only be asymptotic, Corollary 1 demonstrates that if the delays are bounded, we can guarantee certain decay rates. We will now establish similar decay bounds for unbounded delays satisfying Assumption 2.
Corollary 2:
Consider the homogeneous cooperative system G given by (1) . Suppose that Assumption 2 holds and that there exists a vector v > 0 satisfying (11) . Then, G is globally power-rate stable. Moreover, (i) if f and g are homogeneous of degree p = 0, the solution x(t) of G satisfies
where 0 < ξ < min 1≤i≤n ξ i , and ξ i is the unique positive solution to
(ii) if f and g are homogeneous of degree p > 0, then
where β ∈ (0, 1) is such that
holds for all i.
Corollary 2 shows that the decay rate of homogeneous cooperative systems of degree zero with unbounded delays satisfying Assumption 2 is of order O(t −ξ ). Equation (17) quantifies how the magnitude of the upper delay bound, α, affects ξ. Specifically, ξ i is monotonically decreasing with α and approaches zero as α tends to one. By similar reasoning, β, on which the guaranteed decay rate of homogeneous cooperative systems of degree greater than zero depends, in equation (18) approaches zero as α tends to one (see Figure 2) . Hence, while the homogeneous cooperative system (1) remains power-rate stable for arbitrary unbounded delays satisfying Assumption 2, the decay rate deteriorates with increasing α.
This means that the guaranteed convergence rates get increasingly slower as delays are allowed to grow quicker when t → ∞. 
D. A Special Case: Continuous-Time Positive Linear Systems
Let f (x) = Ax and g(x) = Bx such that A ∈ R n×n is Metzler and B ∈ R n×n is nonnegative. Then, the homogeneous cooperative system (1) reduces to the positive linear system
We then have the following special case of Theorem 1.
Corollary 3:
Consider the positive linear system G L given by (19) 
IV. DISCRETE-TIME HOMOGENEOUS NON-DECREASING SYSTEMS
A. Problem Statement
Next, we consider the discrete-time analog of (1):
Here, x(k) ∈ R n is the state variable, f, g : R n → R n are continuous vector fields with f (0) = g(0) = 0,
. . , 0} → R n is the vector sequence specifying the initial state of the system, and d(k) represents the time-varying delay which satisfies the following assumption.
Assumption 4: The delay
Intuitively, if Assumption 4 does not hold, computation of x(k), even for large values of k, may involve the initial condition ϕ(·) and those states near it, and hence x(k) may not converge to zero as k → ∞. To avoid this situation, Assumption 4 guarantees that old state information is eventually not used in evaluating (21).
Remark 6: Assumption 4 implies that there exists a sufficiently large
Clearly, d max ∈ N 0 is bounded. It follows that, even for unbounded delays satisfying Assumption 4, the initial condition ϕ(·) is defined on a finite set {−d max , . . . , 0}.
Definition 6: The system Σ given by (21) is said to be positive if for every nonnegative initial condition
ϕ(·) ∈ R n + , the corresponding solution is nonnegative, that is x(k) ≥ 0 for all k ∈ N. Positivity of Σ is readily verified using the following result.
Proposition 3:
Consider the time-delay system Σ given by (21) . If f (x) ≥ 0 and g(x) ≥ 0 for all Example 3: Consider a discrete-time linear system described by (21) with
Since g(x) < 0 for x > 0, the sufficient condition given in Proposition 3 is not satisfied. However, it is easy to verify that the solution of this system is x(k) = x(0), k ∈ N 0 , and hence x(k) ≥ 0 for all
In this section, vector fields f and g satisfy the next assumption.
Assumption 5:
The following properties hold. Our main objective in this section is to study delay-independent stability of homogeneous non-decreasing systems of the form (21) with time-varying delays satisfying Assumption 4.
B. Asymptotic Stability of Homogeneous Non-Decreasing Systems
The next theorem shows that global asymptotic stability of non-decreasing systems of the form (21) that are homogeneous of degree zero is insensitive to bounded and unbounded time-varying delays satisfying Assumption 4.
Theorem 3:
For the homogeneous non-decreasing system Σ given by (21) , suppose that f and g are homogeneous of degree p = 0. Then, the following statements are equivalent.
(ii) Σ is globally asymptotically stable for any nonnegative initial conditions and for all bounded and unbounded time-varying delays satisfying Assumption 4. Proof: See [47] .
Theorem 3 provides a test for global asymptotic stability of homogeneous non-decreasing systems of degree zero; if we can demonstrate the existence of a vector v > 0 satisfying (23) , then the origin is globally asymptotically stable for all delays satisfying Assumption 4. However, the following example illustrates that (23) is, in general, not a sufficient condition for global asymptotic stability of homogeneous non-decreasing systems of degree greater than zero.
Example 4:
Consider a discrete-time system described by (21) with f (x) = x 2 and g(x) = 0. Clearly, f is non-decreasing on R + and homogeneous of degree one with respect to the standard dilation map.
Since f (0.5) = 0.25 < 0. We now show that under stability condition (23), homogeneous non-decreasing systems of degree greater than zero with time-varying delays satisfying Assumption 4 have a locally asymptotically stable equilibrium point at the origin, i.e., x(k) converges to the origin as k → ∞ for sufficiently small initial conditions.
Corollary 4:
For the homogeneous non-decreasing system Σ given by (21) 
C. Decay Rates of Homogeneous Non-Decreasing Systems of degree zero
The next definition introduces µ-stability for discrete-time systems. 
Paralleling our continuous-time results, global µ-stability of homogeneous non-decreasing systems of degree zero with time-varying delays can be established using the following theorem.
Theorem 4:
Consider the homogeneous non-decreasing system Σ given by (21) with degree p = 0.
Suppose that Assumption 4 holds, and that there is a vector v > 0 satisfying
If there exists a function µ : N → R + such that the following conditions hold:
then every solution of Σ starting in the positive orthant satisfies
for i = 1, . . . , n.
Theorem 4 allows us to establish convergence rates of homogeneous non-decreasing systems of degree zero under various classes of time-varying delays. We give the following result.
Corollary 5:
For the homogeneous non-decreasing system Σ given by (21) with degree p = 0, suppose that there exists a vector v > 0 satisfying (24) , and that there exist T ∈ N and a scalar 0 ≤ α < 1 such
Let ξ i be the unique positive solution of the equation
Then, Σ is globally power-rate stable for any nonnegative initial conditions and for any unbounded delays satisfying (25) . In particular,
where 0 < ξ < min 1≤i≤n ξ i .
D. A Special Case: Discrete-Time Positive Linear Systems
We now discuss delay-independent stability of a special case of (21), namely discrete-time positive linear systems of the form
In terms of (21), f (x) = Ax and g(x) = Bx. It is easy to verify that if A, B ∈ R n×n are nonnegative matrices, Assumption 5 is satisfied. Therefore, Theorem 3 can help us to derive a necessary and sufficient condition for delay-independent stability of (27) . Specifically, we note the following.
Corollary 6:
Consider the discrete-time positive linear system Σ L given by (27) where A and B are nonnegative. Then, there exists a vector v > 0 such that
if and only if Σ L is globally asymptotically stable for all time delays satisfying Assumption 4.
Remark 7:
For the positive linear system (27) , A and B are nonnegative, so A+B is also nonnegative.
According to property of nonnegative matrices [52] , [16 
Both f and g are homogeneous of degree p = 2 with respect to the dilation map δ r λ (x) with r = (1, 2). Moreover, f is cooperative and g is non-decreasing on R 2 + . Since f (1, 1) + g(1, 1) < 0, it follows from Theorem 1 that the homogeneous cooperative system (29) is globally asymptotically stable for any time delays satisfying Assumption 1. Now, consider the specific time-varying delay τ (t) = 4 + sin(t), t ≥ 0.
As τ (t) ≤ τ max = 5 for all t ≥ 0, Corollary 1 can help us to calculate an upper bound on the decay rate of (29) . Using v = (1, 1) and r max = 2, the solutions to (16) are θ 1 = 4, θ 2 = 1, which implies that θ ∼ = min 1 5 , min{4, 1} = 1 5 .
Thus, the solution x(t) of (29) , t ≥ 0. Figure 3 gives the simulation results of the actual decay rate of the homogeneous cooperative system (29) and the guaranteed decay rate we calculated, when the initial condition is ϕ(t) = (1, 1), for all t ∈ [−5, 0]. 
VI. CONCLUSIONS
This paper has been concerned with delay-independent stability of a significant class of nonlinear (continuous-and discrete-time) positive systems with time-varying delays. We derived a set of necessary and sufficient conditions for global asymptotic stability of continuous-time homogeneous cooperative systems of arbitrary degree and discrete-time homogeneous non-decreasing systems of degree zero with bounded and unbounded time-varying delays. These results show that the asymptotic stability of such systems is independent of the magnitude and variation of the time delays. However, we also observed that the decay rates of these systems depend on how fast the delays can grow large. We developed two theorems for global µ-stability of positive systems that quantify the convergence rates for various classes of time delays. For discrete-time homogeneous non-decreasing systems of degree greater than zero, we demonstrated that the origin is locally asymptotically stable under global asymptotic stability conditions that we derived.
